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Exercise 6
Use the Laplace transform to solve

Upt = CPUgy + coswt sin Tz for0<x<1

u(0,t) = u(l,t) = u(z,0) = w(x,0) = 0.

Assume that w > 0 and be careful of the case w = cw. Check your answer by direct differentiation.

Solution

Let the Laplace transform of a function u(x,t) be defined as

u(z,s) = L{u(z,t)} = /000 u(z,t)e” " dt.

Applying the Laplace transform to both sides of the PDE gives

0%u 5 0%u _
L{@ﬂ} = E{c 922 +coswtsm7rx}

d2
sz, s) — su(z,0) — u(x,0) = cQﬁﬁ{u} + L{coswt}sinTx
x
&2i
s*u(z,s) = 027d;2t + PR j—w2 sin mx
Pu s 1 s .
Tl e A L

What we have is an inhomogeneous ordinary differential equation. The general solution is
therefore written as the sum of a complementary solution and a particular solution.

= Gie + Uy

The complementary solution is obtained from solving the associated homogeneous differential
equation.
d*u, s?
da? 2

tc(z,s) = C cosh Sx + Cysinh Zx

Ue =0

The constants, C7 and C5, are determined from the given boundary conditions of the problem.
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Because the right-hand side of the inhomogeneous differential equation is in terms of sin 7z, we
can use the method of undetermined coefficients to find u,. We assume that
U, = Acosmx + Bsinmz, and we plug this into the equation to determine the coefficients.

2 21 s? st 1 s .
—m“AcosTax — m“Bsinmx — —2Acos7mc — —2Bsm7rx =-S5 sinmz
c c ce 8 +w
2 2
s s 1 s
<—712A - 2A> cos X + <—7TQB — 23) sinTx = 55 3 sin x
c c ce 8% +w
Matching coefficients on the left and right sides gives
§2
—m2A— SA=0 — A=0
c
2
9 s 1 s 1 s
—m*B—- —=B=—-————- — B= . .
c c? 52 4 w? 2 4+ 2?2 s2 4 w?
So
_ 1 s .
Up = . sin .

s2 422 s2 4 w?

And the solution to the inhomogeneous differential equation is

ssinmx
(82 + w?)(s2 + c2n?)’

u(z,s) =

All that’s left to do now is to take the inverse Laplace transform to find u(x,t).
u(e,t) = £ alz, )}
w(w,t) = £ {( ssin Tz }

s2 + w?)(s? + 2n?)

. 1 s ‘ 1
u(z,t) =sinmwx L { i) (i) }

s 1 cm
t) =sinmz L7} L
u(z,t) =sinmx {(52 ) or (2 1 D) }

sin Tx

u(z,t) =

t
/ siner(t — t') coswt’ dt’
CcTm 0

We have to be careful here since the value of the integral depends on whether w = ¢ or not.

em

. R (cosemt — coswt) w # em
/ siner(t —t') coswt' dt’ =

0 §t sin crt w=cm

When w = ¢m, the phenomenon of resonance occurs, and the amplitude of the wave grows linearly
with respect to time. Therefore,

coscmt — coswt
sinTr w #cmw

u(x,t) = w? — cin
) - .
tsincenmt .
——sinnx w=cTm
2cm
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We can check to see whether this is the correct solution. Take derivatives of u with respect to «
and t.

—crsinent + wsinwt
555 sinTx w #crw
w? — ¢
Ut = .
crtcoscnt 4+ sinent |
sinmx w=cm
2cr
2.2 2
c“m? coscmt + w? coswt
55 5 sinTx w #cw
w* —c*m
Ut = .
2coscnt — emtsinent .
sin x w=cm
2
( coscmt — coswt
T 55 5 COSTX wFcm
w?® — ¢ T
Uy = .
tsincnt
T———— COSTL w=cm
\ 2cm
9COS et — coswt .
-7 55 5 SINTT W Fcm
w?* — c*m
Ugpyx = .
otsinemt |
— T ——sinnx w=cm
\ 2cm

And so we have the following.

—cZr*cosent 4+ 2wtcosent + (w? — 2n?) cos wt

sinmx = coswtsinmr w # cw

) B W02 _ 22
Utt — C Ugy = . .
2 cos et — crtsinent + crtsinent

sinTx = cos crtsinwx w=cm

2

Thus, u(z,t) satisfies the PDE. By inspection we can see that plugging in ¢t =0, x =0, and z =1
into u(x,t) gives u = 0. Also, plugging in ¢ = 0 into u; above gives v = 0, so the initial and
boundary conditions are satisfied.
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